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Summary. We investigated the time to fixation or loss and the probability of fixation of a gene under a discrete 
diploid model of variable fitness. 

Data were presented on the effects of the level of dominance, relative magnitude of the variance in fitness of the 
three genotypes, and selection intensity on the probability of fixation and t ime to absorption of a gene. The relationship 
of our model in the haploid case to that  of Kimura and Ohta was discussed. 

1. Introduction 

The  p robab i l i t y  of f ixa t ion  of a gene and its t ime  
to f ixa t ion  or loss in a popu la t ion  of smal l  size have  
d rawn considerable  a t t e n t i o n  f rom popu la t ion  gene-  
t icis ts  because  of the  s ignif icance of those factors  in 
na tu ra l  and ar t i f ic ia l  selection.  K i m u r a  (t962) was the  
first  to  fo rmula te  a s tochas t ic  mode l  t h a t  t ook  into  
cons idera t ion  r a n d o m  sampl ing  and r a n d o m  f luc tua-  
t ion in the  select ion in t ens i ty  of a gene. Fo r  his mode l  
K i m u r a  der ived  a general  expression for the  u l t i m a t e  
p robab i l i t y  of f ixa t ion  of a m u t a n t  gene. Tile fo rmula  
was appl ied for l imi ted  cases by" K i m u r a  (t962). 
Whi le  our  work  was in p repara t ion ,  Ohta  (t972) 
appl ied K i m u r a ' s  fo rmula  for cases of genic select ion 
where  the select ion in t ens i ty  of a m u t a n t  f luc tua tes  
at r a n d o m  f rom genera t ion  to genera t ion .  No work  
has been done on var iab le  select ion in diploids;  hence,  
in this  paper ,  we shall  examine  the  effect of f luctu-  
at ions in f i tness on the  p robab i l i t y  of f ixa t ion  and the  
t ime  to f ixa t ion  or loss of a gene under  a more  
genera l  case of zygot ic  selection.  

2. Theory and Methods 

Consider a single locus with two alleles (A, a) in a po- 
pulation of N diploid individuals tha t  mate entirely at 
random. Assume tha t  the population size is constant 
and that, aside from selection, random fluctuations in 
the selection intensity and random drift are the only 
pressures present in the population causing gene frequency 
to change. 

Let X 1 denote the frequency of allele A in an infinite 
(or potentially infinite) population of newly formed 
zygotes. Let the fitness of the three genotypes A A ,  A a  
and aa be W 1, W 2 and W3, respectively. Without  loss of 
generality, we take W v W v and W 3 to be I + S v t + S~ 
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and I + S  z. Si ( i =  1,2, 3) is a random variable with 
mean /~s, and variance Vsi. The frequency of A in the 
infinite population after selection and before sampling of 
gametes is 

x~ (1 + Sl) + x1 Y1 (1 + s~) (2.1) 
X2 = X ~ ( I  + Sl) + 2 X  1YI(I  +s2) +Y~  (1 + s3) 

where Y1 = I -- X 1. After selection has taken place the 
remaining zygotes reproduce at random and establish 
a proportion, x 3, of A alleles in the next  generation. In 
each generation the quant i ty  2 N x 3 is an observed value 
of a random variable Z with binomial probability function 

P [ Z  = z~ = (2zN) x~(, --x2) 2 N - z ,  z = O, , . . . . .  2 N .  

(2.2) 
In our model the change in gene frequency from gene- 

ration to generation is, strictly speaking, Markovian. 
We will, however, use the diffusion approximation to 
obtain a solution. A diffusion solution, found to be very 
good even for a population size as small as 10 (Carr and 
Nassar, 1970a), has the advantage in this case of sim- 
plicity over a Markov chain solution. 

Let 
U(x) = the ult imate probability that  a gene whose 

initial frequency is x becomes fixed. 
E(x) = the mean t ime until fixation or loss (absorption) 

of a gene whose initial frequency is x. 
M(x) = mean change in gene frequency per generation. 
V(x) = variance of change in gene frequency per 

generation 

then /a(x) and E(x) satisfy the ordinary differential 
equations 

V(x) d~l~(x) dlz(x ) (2.3) 
2 --dx 2 + M ( x ) ~ =  0 

and 
v(x) d~E(x) dE(,,) _ 

2 d.~ + M ( x )  dx 1 (2.4) 

with boundary conditions/a(0) = 0, p(l) = t and E(0) = 
= E ( I ) =  0, respectively (Kimura 1954, Feller 1954). 
Schematically, the change in gene frequency from any 
generation to the next may be represented in our model 
by 

b Xl & X~-+ x3 
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where s denotes  the  change f rom X~ to the  in te rmedia te  
f requency X~ due to selection and b denotes  the  change 
f rom X~ to the  nex t  generat ion f requency due to b inomial  
sampling.  

Le t  

At = X  s - X ~ ,  A~ = X ~ - - X I  and A ~ = X  s - X 2 .  
The  mean  change in gene f requency  can now be repre-  
sented by  

M(&) = E(At) = E ( , ~  + ,~.) 

: Es El, (Azz 4- A3als) 

= Es(Z]I~  ) = E s  [ ( X 2 )  - -  X 1 ]  

[ & 0 - x 0  (& x~ + & (~ - 2 x 0 -  s~(~ - & )  ] 

(2.5) 
where Es denotes  the  expec ta t ion  wi th  respect  to the  
r andom variables  S v S~, and S s and Eb denotes  the  
expec ta t ion  wi th  respect  to the  b inomial  probabi l i ty  
funct ion  (2,2). 

An analogous expression for V(x) can be found by  
assuming tha t  A~ and A~s are  independen t  

V(&) = Var (AI~) -~- Var (A~3) 

= Var (AlO) 4- Es ~(X, 4- AI~) (1 -- X~ -- Aa2)/2 N] 

= Var (AI~) + X1 (1 -- Xl) 

Es(Ah) 
2 N  

= Vat  (AI,) + 

I - 2 x ,  

X x (12N-- XO + I --2N2 X~ Es(A,o). - -  

1 
2 N [(Es(A12))= + Var (Ax2)] . (2.6) 

Express ions  (2.5) and (2.6) for the  mean  and var iance  
of the  change in gene f requency per  genera t ion  are 
diff icult  to eva lua te  expl ic i t ly  because we mus t  ob ta in  
the  expec ta t ion  and var iance  of a ra t io  invo lv ing  the  
r andom var iables  $1, S 2 and S s. We approx ima ted  
Es(AI~ ) and Var (Au) in (2.5) and (2.6) by a Tay lor  series 
expansion to three  and two terms,  respect ively.  As thus  
we obta ined  

Es(A12 ) = E,(H(s v s~, sa) ) 

1 s 02H s 02 H 
.S Cov,., (2.7) 

' =  i , / = t  
i<i 
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Fig. 1 a, b, c, d, e. Ultimate Probability of Fixation of a Gene as a Function of the Initial Gene Frequency. A Number for 
each Graph is Used to Designate the Value of the Variance of Fitness for each Genotype 
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and 

= X:, 1 Vs, + 2 X Covs, (2.8) 
"= i ,~=1 

i< i  

where the first and second par t ia l  derivatives are eva- 
luated at  (l~s,, I~s,, #s,). With  (2.7) and (2.8) as approxi-  
mate expressions for M(x) and V(x), the solutions to 
(2.3) and (2.4) were obtained numerical ly using a one- 
dimensional difference scheme. The derivatives were 
approximated using the centered-difference forms and 
the resulting tr i -diagonal  system of equations was solved 
at  100 points  (for N = 500) in the interval  [0, t] using 
the Gaussian el imination method (Carnahan, Luther  
and Wilkes, t969). For  accuracy of the numerical  
solution we compared i t  with the exact  solution using 
a finite Markov chain when selection was constant  (Carr 
and Nassar, 1970a, b) and found it to be exact. The 
difference in values between the two solutions for the 
expected t ime to fixation or loss was 0.5 or less. For  the 
probabi l i ty  of fixation, the two solutions were the same 
for a t  least  two significant places. We will later  show 
tha t  the approximat ion employed in evaluation M(x) 
and V(x) had no effect a t  least  on the qual i tat ive nature 
of the results. We expect also tha t  if the expected values 
and variance of $1, $2 and S 3 are small, as in this  study, 
the effect on the quant i ta t ive  nature of the results will be 
negligible. 

Results in this paper  will be based on the assumption 
tha t  there is no covariance in fitness among the three 
genotypes. In other words Covs, sj = 0 in expressions 
(2.7) and (2.8). We will, however, examine later  the 
general effect a covariance in fitness might have on these 
results. 

p r o b a b i l i t y  of f ixa t ion  of low f r equency  genes and  
decrease  i t  for h igh  f r equency  genes.  Decreas ing  the  
va r i ance  of the  he t e rozygo te s  r e l a t ive  to  the  two  
homozygo te s  t e n d e d  to  decrease  the  p r o b a b i l i t y  of 
f i xa t ion  of low f r equency  genes and  increase  i t  for 
h igh  f r equency  genes.  

W i t h  se lect ion (/~,~ =/: 0) the  resul t s  (fig. t b, c, d, e) 
show t h a t  (aside f rom genes a t  v e r y  low f requency)  
regard less  of the  level  of d o m i n a n c e  the  effect of a 
va r i ance  in g e n o t y p i c  f i tness  was to  decrease  the  
u l t i m a t e  p r o b a b i l i t y  of f ixa t ion  of a gene re l a t ive  
to  the  case of no va r i ance  (Vs~ = 0, 0, 0). W i t h  in- 
c reased  va r i ance  (V~,: (.04, .04, .04) or (.2, .2, .2)), 
the  p r o b a b i l i t y  of f ixa t ion  decreased  fur ther .  De-  
c reas ing  the  va r i ance  of the  h e t e r o z y g o t e  f i tness  
r e l a t ive  to  t h a t  of the  two homozygo te s  (V,~ = .2, 
.0t ,  .2) t e n d e d  to  equal ize  the  a m o u n t  of r educ t ion  
in the  f ixa t ion  p roba b i l i t e s  over  a wide range  of 
in i t i a l  gene frequencies .  

The  m a g n i t u d e  of the  effect of a y a r i a n c e  in f i t -  
ness on the  f ixa t ion  p robab i l i t i e s  var ies  w i th  the  level  
of dominance ,  as seen b y  c o m p a r i n g  g r aphs  of the  
same V~ values  in b, c, d and  e of fig. t .  A va lue  of 

Table 1. Ultimate Probability of Fixation of a Gene for 
Different Selection Models with Varying Genotypic Fitness 

Initial gene frequency: .01 .02 .03 .04 

3. Results 

If  we cons ider  fig. t a, we see t h a t  if a gene ' s  se- 
lec t ive  va lue  f luc tua tes  f rom gene ra t ion  to  gene ra t ion  
b u t  is zero on the  ave rage  (Vs~ :/= 0, /~s~ = 0), the  
gene will  be se lec ted  for or aga ins t ,  d e p e n d i n g  on 
i ts  in i t i a l  f requency .  F o r  m u t a n t  and  low f r equency  
genes the  resu l t  is t h a t  if the  f i tness  of all  t h ree  
geno types  var ies  (V~, =/= 0), the  u l t i m a t e  p r o b a b i l i t y  
of f i xa t ion  is la rger  t h a n  the  in i t i a l  gene f requency,  
i m p l y i n g  t h a t  the  neu t r a l  gene becomes  a d v a n t a g e -  
ous. F o r  h igh  f r equency  genes the  reverse  is t rue  and  
the  gene becomes  d i s a d v a n t a g e o u s  as a resul t  of 
f luc tua t ions  in the  geno typ ic  fi tnesses.  W h e n  V,,----- V~, 
a gene a t  in i t i a l  gene f r equency  1/2 will  have  an 
u l t i m a t e  p r o b a b i l i t y  of f ixa t ion  of t / 2 ;  hence,  i t  is 
t r u l y  a neu t r a l  gene. As V~ is inc reased  re l a t ive  
to  Vs~ and  V~ 3, the  po in t  of n e u t r a l i t y  (point  of 
in te r sec t ion  w i th  the  d i agona l  line) sl ides back  t o w a r d  
the  origin.  If  the  h o m o z y g o t e  of in te res t  is the  on ly  
one w i th  va r i ab le  f i tness  (Vs, =/= 0, V~ = Vs~ = 0), 
t hen  the  gene wi th  t i le  f avorab le  f i tness  becomes  
d i s a d v a n t a g e o u s  a t  ali  in i t i a l  f requencies  (graphs 1, 
2 ; fig. t a). This  impl ies  t h a t  if a se lec t ive ly  ne u t r a l  
m u t a n t  gene (/~s~ = -0 )  has  a va r i ab le  f i tness  while 
i ts  allele has  not ,  the  m u t a n t  gene becomes  in effect 
d i s a d v a n t a g e o u s  and  i ts  f ixa t ion  p r o b a b i l i t y  becomes  
less t h a n  i ts  in i t i a l  gene f requency.  F r o m  fig. t a  i t  
is also clear  t h a t  r e l a t ive  to  the  case Vsl = V,, ---- V~, 
increas ing  the  va r i ance  in f i tness  for the  h e t e r o z y g o t e  
over  the  two homozygo te s  t e n d e d  to  increase  t he  

ps, ps~ ~3 Vs, Vs, Vs3 

.01 .01 0 0 0 o .169 .3O9 .424 .5t8 
.2 .2 .2 .145 .207 .247 .276 
.2 .Ol .2 .396 .486 .527 .549 
.04 .04 .04 .153 .242 .3o3 .350 
.04 0 o .1o5 .t93 .264 .323 

.Ol .005 0 0 0 0 .094 .18o .258 .328 
.2 .2 .2 .137 .198 .237 .265 
.2 .01 .2 .385 .476 .518 .542 
.04 .04 .04 .t24 .200 .255 .298 
.04 0 0 .037 .o71 .102 .129 

.Ol 0 0 o o .035 .071 .106 .141 
.2 .2 .2 .129 .188 .226 .254 
.2 .01 .2 .373 .466 .509 .534 
.04 .04 .04 .098 .162 .210 .248 
.04 0 0 .0o9 .019 .028 .037 

.0t .03 o o o 0 .437 .680 .816 .893 
.2 .2 .2 .177 .247 .289 .319 
.2 .Ol .2 .437 .520 .555 .574 
.04 .04 .04 .285 .416 .493 .545 
.04 0 o .435 .676 .811 .888 

(.04, 0, 0), as an example ,  caused  the  la rges t  re- 
duc t ion  in t he  f ixa t ion  p r o b a b i l i t y  for the  recess ive  
and  a d d i t i v e  cases, and  the  leas t  r educ t ion  for the  
o v e r d o m i n a n t  case. S imi l a r ly  f luc tua t ions  in f i tness  
(.01, .01, .01 ; .04, .04, .04) t h a t  are  no t  of r e l a t ive ly  
large m a g n i t u d e s  h a d  l i t t l e  effect  on reduc ing  p rob-  
abi l i t ies  of f ixa t ion  of a s t rong ly  o v e r d o m i n a n t  gene 
(fig. I e). 

A t  low in i t i a l  f requencies ,  as in the  case of m u t a n t  
genes, Table  I shows t h a t  for ove rdominance  the re  
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was no increase  in the  f ixa t ion  p r o b a b i l i t y  f rom 
(Vs~ ---- 0, 0, 0). F o r  full  dominance  (#,~ = .01, .01, 0) 
there  was an increase  on ly  for (V,~----.2, .01, .2). 
F o r  add i t i ve  and  recessive cases, there  was an in- 
crease for (Vs, = .2, .2, .2), (V,~ = .2, .01, .2) and  
(V~ ---- .04, .04, .04). Hence  for a d v a n t a g e o u s  m u t a n t  
genes,  f luc tua t ions  in f i tness  could  increase  the  u l t i -  
m a t e  p r o b a b i l i t y  of f ixa t ion  d e p e n d i n g  on the  level  
of dominance .  

Table 2. Ultimate Probability of Fixation of a Deleterious 
Gene for  an Additive and a Recessive Selection Model 

with Varying Genotypic Fitness 

Initial gene frequency: .0t .02 .03 .04 .05 

ps~ p~ ps, Vs~ V~, V~B 

--.01 0 0 0 0 0 .000 .000.000.000.000 
.02 .02 .02 .009 .016.022.027.03f  
.04 .04 .04 .027 .045.059.070.079 

�9 .04 .01 .04 .034 .055.069.080.088 
.04 0 0 .000 .000.000.000.000 
.02 0 0 .000 .000.000.000.000 

- - .0 t  - - .0050  0 0 0 .000 .000.000.000.000 
.02 .02 .02 .006 .012.017.021.025 
.04 .04 . .04  .022 .037 .049.059.068 
.04 .0i .04 .029 .047.060 .07t .079 
.04 0 0 .000 .000.000.000.000 
.02 0 0 .000 .000.000.000.000 

Tab le  2 shows t h a t  for a m i d l y  de le te r ious  gene 
w i th  or  w i t h o u t  a de le te r ious  h e t e r o z y g o t e  effect 
(/~s~: " . 0 1 ,  0, 0 and  - - . 0 t ,  - - .005,  0) a va r i ab l e  
geno typ i c  f i tness  (V,,---- .02, .02, .02) had  m a d e  the  
gene less de le ter ious .  Inc reas ing  the  va r i ances  fur-  
t he r  (Vs~ = .04, .04, .04) r e su l t ed  in m a k i n g  a dele-  
te r ious  gene benef ic ia l ,  e spec ia l ly  if the  he t e roz ygo t e  
is more  s t ab le  t h a n  e i the r  homozygo te s  in f i tness  
(Vs, ---- .04, .01, .04). I f  on ly  the  de le te r ious  m u t a n t  

h o m o z y g o t e  is va r i ab l e  in f i tness,  the re  is ve ry  l i t t le  
effect on chang ing  the  f i tness  of a gene. 

In  figs. 2a ,  b, c and  d, the  r a t io  [R(i)l  of the  t ime  
to f ixa t ion  or loss for se lect ion and /o r  va r i ab l e  
geno typ i c  f i tness  to  t h a t  w i th  no select ion and  con- 
s t a n t  geno typ i c  f i tness  is p l o t t e d  aga ins t  the  in i t i a l  
gene f requency ,  i. If  R(i )  was less t h a n  t ,  the re  was 
acce le ra t ion  in the  t ime  to f ixa t ion  or loss c o m p a r e d  
to  t h a t  of d r i f t  alone.  A ra t io  la rger  t h a n  t impl ies  
r e t a r d a t i o n  in the  t ime  to f ixa t ion  or  loss c o m p a r e d  
wi th  dr i f t .  Fig.  I a shows t h a t  for a n e u t r a l  gene 
(/~,~: 0, 0, 0) a f l uc tua t ion  in geno typ i c  f i tness  accele- 
r a t e d  the  t ime  to f ixa t ion  or loss over  a large  range  
of in i t i a l  gene f requencies .  F o r  m u t a n t  genes,  a 
f l uc tua t i on  in g e n o t y p i c  f i tness  can  p ro long  the  t ime  
to  f ixa t ion  or loss of a gene (graphs  3, 5, 6, fig. I a), 
p r o v i d e d  the  he t e roz ygo t e  is more  s t ab le  t h a n  b o t h  
homozygo te s  [(.02, .0t ,  .02), (.2, .01, .2)J. F o r  the  
case of se lec t ion  (fig. 2b ,  c, d), one sees t ha t ,  com- 
p a r e d  w i th  a c o n s t a n t  f i tness  (V,~ ---- 0, 0, 0), two cases 
of va r i ab l e  f i tness  inc reased  the  t ime  to f ixa t ion  or 
loss. In  those  cases the  h e t e r o z y g o t e  was more  
s t ab le  t h a n  e i the r  homoz ygo t e  (Vs~ = .2, .01, .2) and  
the  h o m o z y g o t e  for the  gene in ques t ion  was the  
on ly  one w i th  va r i ab l e  f i tness.  F o r  o v e r d o m i n a n c e  
(Table  3), a n y  va r i ab le  f i tness  seemed to reduce  
s u b s t a n t i a l l y  the  t ime  to f ixa t ion  or loss as c o m p a r e d  
to  c o n s t a n t  f i tness  (Vs~ ---- 0, 0, 0). 

4. Discuss ion 

Our ana lys i s  of the  t ime  to  f ixa t ion  or loss and  
p r o b a b i l i t y  of f i xa t ion  of a gene inc luded  all  i n i t i a l  
gene f requencies  a t  an i n t e r v a l  of 0.t  be tween  0 and  1. 
P o p u l a t i o n  gene t ic i s t s  and  evo lu t ion i s t s  are  i n t e re s t ed  
in m u t a n t  genes t h a t  are  u sua l l y  a t  low in i t i a l  
f r equency  in the  popu la t i on .  In  a d d i t i o n  to  m u t a n t  
genes,  benef ic ia l  genes t h a t  are  no t  of low f requency,  

Table 3. Ratio of the Time to Fixation or Loss of  an Overdominant Gene (#s, = .01,/~s, = .03, 
I~sB = O) with Varying Genotypic Fitness to the Time to Fixation or Loss under Constant Genotypic 

Fitness and no Selection (Drift)  

(V81 , VS~, VS3) .01, .Of, .01 -04, .04, .04 .2, .2, .2 .2, .01, .2 O, O, 0 .04, O, 0 

Ini t ia l  
gene frequency 
.01 34.25 5.32 .82 20.29 669.58 140.42 
.02 28.74 4.26 .62 13.37 576.62 120.86 
�9 03 24.66 3.61 .51 t0.24 497.21 104.18 
.04 21.62 3.16 .44 8.43 433.55 90.82 
�9 05 t 9.28 2.83 .40 7.24 383. t 8 80.26 
.10 12.96 1.97 .28 4.55 245.94 51.50 
.20 8.58 1.38 .20 2.99 159.69 33.43 
.30 7.03 1.15 .t7 2.45 130.56 27.31 
.4o 6.36 t.05 .16 2.23 118.39 24.75 
.50 6.15 1.01 .16 2.16 114.90 23.99 
.6o 6.30 1.02 .t 6 2.23 118.30 24.66 
.70 6.87 t .fo .I 7 2.45 130.29 27.08 
.80 8.18 1.28 .2o 2.98 158.63 32.81 
.90 11.55 1.75 .27 4.51 235.62 48.92 
.95 15.82 2.38 .38 7.11 332.06 73.87 
�9 99 23.56 4.05 .76 19.26 459.4t 147.46 
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Fig. 2a, b, c, d. Time to Fixation or Loss Relative to that of Drift as a Function of the 
Initial Gene Frequency. The Ordinate, R(i), is the Ratio of the Time to Fixation or Loss 
with Selection and Variable Fitness to that with no Selection and with Constant Fitness. 
A Number for each Graph is Used to Designate the Value of the Variance of Fitness for 

each Genotype 

b u t  r a t h e r  in the  i n t e r m e d i a t e  
range  be tween  0 and  t are of 
in te res t  to  q u a n t i t a t i v e  gene- 
t ic is ts  and  an ima l  and  p l a n t  
breeders .  Our  resul ts  show 
t h a t  for such genes a n y  sor t  
of va r i ance  in f i tness  can be 
expec t ed  to  reduce  the  ne t  
f i tness  of a gene. W i t h  r ega rd  
to  t ime  to f ixa t ion  or  loss, 
which  has  a d i rec t  bea r ing  on 
the  m a i n t e n a n c e  of gene t ic  
v a r i a b i l i t y  in a line, our  ana-  
lysis  ind ica tes  t h a t  if the  f i t-  
ness of the  two  h o m o z y g o t e s  
var ies  more  t h a n  t h a t  of the  
he te rozygo te ,  t ime  to f ixa t ion  
or loss for a gene (excluding 
overdominance)  can be expec-  
t ed  to  be p ro longed  as com- 
p a r e d  wi th  the  case where  
no va r i ance  in f i tness  exists .  

Also t ime  to f ixa t ion  or loss 
can be p ro longed  if the  va r i -  
ance in f i tness  is on ly  for the  
h o m o z y g o t e  g e n o t y p e  of the  
gene in ques t ion .  W e  bel ieve  
t h a t  th is  l a t t e r  t y p e  of s i tua-  
t ion  is not  l ike ly  to  occur  for 
i n t e r m e d i a t e  and  h igh  fre- 
quency  genes. Of b io logica l  
s ignif icance,  however ,  is the  
case where  b o t h  h o m o z y g o t e s  
are  va r i ab l e  in f i tness  and  the  
h e t e r o z y g o t e  less va r i ab le  
t h a n  e i the r  homozygo te .  
Othe r  cond i t ions  of va r i ab l e  
f i tness  for al l  t h r ee  g e n o t y p e s  
can on ly  s u b s t a n t i a l l y  accele-  
r a t e  a gene ' s  t ime  to f ixa t ion  
or  loss. 

I t  is i n t e r e s t i ng  to  no te  
t h a t  as d o m i n a n c e  increases  
to  the  p o i n t  of s t rong  over-  
dominance ,  a va r i ance  in f i t -  
ness can on ly  l ead  to  a sub-  
s t a n t i a l  acce le ra t ion  (from the  
case of c o n s t a n t  f i tness) in the  
t ime  to  f ixa t ion  or loss. 

W i t h  r ega rd  to  n e u t r a l  
genes (#s, = 0), should  a s i tua -  
t ion  arise where  the  two homo-  
zygo tes  have  a b o u t  equa l  
va r i ance  in f i tness,  genes w i th  
in i t i a l  f r equency  below 0.5 
would  become a d v a n t a g e o u s  
and  those  above  0.5 d isad-  
van tageous .  U n d e r  a va r i ab l e  
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fitness discrete model there is t ruly then no neutral  
genes in fitness except at one point in the initial gene 
frequency. Tha t  point of neutral i ty  is determined 
by  the relative magnitude of the variance in fitness 
of the two homozygotes (figure I a). 

For low frequency genes, such as mutants ,  we have 
shown tha t  a selectively neutral  gene (/*sj = 0) can 
become advantageous if both  homozygotes have 
variable fitness and disadvantageous if only the 
mutan t  homozygote has a variable fitness. A slightly 
deleterious mutan t  might become near neutral  or 
advantageous in fitness (depending on the magni tude 
of the variance in fitness to the mean fitness of a 
genotype) if both  homozygotes are variable in fitness; 
but  would remain deleterious if only the mutan t  
homozygote is variable in fitness. A variance in 
fitness will not always shorten the average t ime of 
fixation or loss of a gene. I f  both  homozygotes are 
variable in fitness and the heterozygote is less va-  
riable than either homozygote,  the t ime to fixation 
or loss is prolonged considerably. 

If we assume tha t  the fitness of a mu tan t  homo- 
zygote genotype fluctuates but  not the fitnesses of 
the wild type homozygote  and heterozygote,  then we 
see tha t  a beneficial mu tan t  can be reduced in fitness 
to the point of neutral i ty  or to being deleterious if 
there is weak to no dominance (V~ = .04, 0, 0: 
Table 1). On the other hand a deleterious gene 
(Table 2) might become neutral  or beneficial. In 
other words, because of the a symmet ry  in the se- 
lection effect, the limiting fitness, as the variance in 
fitness increases relative to mean fitness, is not neu- 
trali ty.  Neutra l i ty  in fitness is only an outcome in a 
continuous ar ray  of possible fitness values tha t  can 
arise. 

In  this light it is proper to ask whether  a gene can 
be selectively neutral.  For our model the answer 
is in the negative. A gene tha t  is neutral  in its 
average fitness will become deleterious or advan-  
tageous, depending on the mode of the variance in 
fitness. Slightly deleterious or advantageous genes 
on the other hand, might  become neutral,  but  the 
likelihood is very  small because neutra l i ty  is not a 
limiting case, and such genes might go beyond neu- 
t ra l i ty  into the deleterious or advantageous range 
of fitness, depending on the magni tude of the variance 
in fitness to mean fitness and on the dominance level 
as shown by  these results. 

In view of the current "non-Darwinian"  theory on 
molecular evolution it is relevant  tha t  mu tan t  genes 
tha t  are neutral  in mean fitness will become ad- 
vantageous or deleterious in effect if fitness is a 
random variable. The theory postulates tha t  most  
amino acid substi tutions have occurred as a result 
of random fixation caused by  drift  of selectively 
neutral  mutations.  The theoretical arguments  in 
support  of this postulate is based on constant  fitness. 
For natural  populations one can argue t h a t ~ e n e s  

tha t  are neutral  on the average will not behave as 
neutral  genes under variable fitness. If  one assumes 
tha t  only the fitness of the mutan t  is variable, one 
arrives at the conclusion tha t  most mutan t s  are de- 
leterious. This conclusion agrees with the current 
knowledge of mutants .  

We might ask what effect does our approximations 
have on the quali ty of our results ? We have approx-  
imated Es(A12 ) and Var(A12 ) by  a Taylor  series 
expansion to three and two terms, respectively, thus 
ignoring terms of the order of (s~ - -  Its,)* and higher. 
For the values of s, and V ,  used in this study, we 
think tha t  the approximat ion cannot be so much in 
error as to effect the quant i ta t ive  nature  of our 
results. We have utilized two approaches to show 
tha t  our results are at least quali tat ively correct. In  
the first approach we simulated the model for the 
case of /z** = 0 with V~, = t.0. We assumed tha t  
each s i has a normal  distribution with mean I t ,  and 
variance V**. The simulation, based on 300 repli- 
cations, produced these results: 

in i t ia lgene frequency: .01 .10 .5 .9 .99 
probabi l i ty  of fixation: .105 .305 .53 .69 .88 

The results agree with those obtained from the dif- 
fusion equation. 

The second approach is exact and entails using the 
Jensen 's  inequali ty to predict the outcome of the 
solution of the diffusion equation for the ul t imate 
probabi l i ty  of fixation. Jensen 's  inequali ty states 
tha t  if a function, H(s 1, s,, s3) in our case, is concave 
then 

E,[H(s 1, s~, s~)] < H(its,, Its,, #,,) 

and if convex 

E~[H(s 1 ,s~, s3) ] > H(#,,, its,, its,). 
In words, the expectat ion of a concave or convex 
function is less or greater  than the function of the 
expectation. H(Sl, s2, s3) is concave if and only if 

SAS '  < 0 for every S : (s x, sz, s3) vector 

and convex if 
SAS '  > O. 

A = 

Here 
Os H OSH OSH ] 
as~ Os x as s as 10s 3 
aSH asH 0s14 

asx as2 Os~ as2 ~s8 
aSH aSH aSH 

~ Y ~  ass as3 as~ 

is the matr ix  of second part ial  derivatives of the 
function with regard to s 1, s 2 and % 

We shall sight only two cases to demonstra te  the 
point 

1. #Sl=#S~=/zs , - - - -0  and V s , # 0 ,  V ~ , = V s . = 0 .  

2. Itsj :/: O, /Zs, = / ~ ,  = 0 and 
v~, :# o, v, ,  = V~, = o .  
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F o r  t he  f i rs t  case of n e u t r a l  alleles, i t  can be shown 
t h a t  

S A S '  = - -  2 s~ x 4 (1 - -  x) < o ,  

hence,  

E,EH(Sl, s,, sz) ] < n ( 0 ,  0, 0) ---- 0 .  

This  p red ic t s  t h a t  t he  u l t i m a t e  p r o b a b i l i t y  of f i xa t ion  
of a n e u t r a l  gene is a lways  less t h a n  i ts  in i t i a l  gene 
f requency ,  because  se lect ion on the  average  is aga ins t  
the  gene. This  p r ed i c t i on  is bo rn  out  b y  g raphs  t 
and  2 in fig. t a .  F o r  the  second case, S A S ' =  
= - -  2 s~ x 4 (1 - -  x) also. This  impl ies  t h a t  Es[H(Sl, s2, 
sa) ] < H(/,~,, 0, 0). G r a p h  t of fig. l d  shows t h a t  
the  p r o b a b i l i t y  of f i xa t ion  for #~, = .01,/is, ---= #~, = 0 
a n d  for V,, = .04, V~, ---- V~, ---- 0 is in fact  less t h a n  
t h a t  of t he  same select ion mode l  w i th  no va r i ance  
in f i tness  ( V ,  = 0). 

All  along,  the  resu l t s  of the  d i f fus ion equa t ion  agree  
wi th  the  p r ed i c t i on  w h e n e v e r  the  func t ion  can be  
shown to be concave  or convex.  F o r  some cases t he  
func t ion  is ne i t he r  concave  nor  convex  (all those  cases 
w i th  V ,  ~ 0, i = 1, 2, 3). Then,  our  resul t s  ref lec t  
th is  p r o p e r t y  (graphs 3, 4, 5, 6, 7 in fig. I a). 

Resu l t s  of th is  s t u d y  were for the  case where  t he re  
was zero cor re la t ion  be tween  the  f i tnesses  of a n y  
two  geno types .  W e  have  resul t s  (unpubl ished)  where  
the  C o v ~  in express ions  (2.7) and  (2.8) is such t h a t  
the  co r re la t ion  be tween  s i and  si(r~i ) ranges  f rom 
- - t  to  t .  Those  resu l t s  ind ica te ,  as expec ted ,  t h a t  
a pos i t ive  cor re la t ion  reduces  the  effect of a va r i ance  
in f i tness  on the  t ime  to ab so rp t i on  and  the  p rob -  
a b i l i t y  of f i xa t ion  of a gene. A nega t ive  cor re la t ion ,  
on the  o the r  hand ,  increases  it.  In  al l  cases, the  

cor re la t ion  has  to  be r e l a t i v e l y  la rge  (rii > t /2  or 
t /2)  before  i ts  i m p a c t  can become s igni f icant .  

Haploid 

I t  is of i n t e re s t  to  i nves t i ga t e  t he  p rope r t i e s  of our  
mode l  for the  ha p lo id  s i t ua t ion .  I n  th is  case we le t  
t he  abso lu te  f i tness  of t i le  two  ga me te s  or  t y p e s  
(A],A~) in the  p o p u l a t i o n  be W 1 = t  + s  1 and  
W 2 = t + s 2 where  s i (i = 1, 2) is a r a n d o m  va r i ab l e  
w i th  mean  # ,  and  va r i ance  Vs~. Our  ana lys i s  of th is  
case leads  to  resu l t s  t h a t  a re  q u a l i t a t i v e l y  s imi la r  to  
the  d ip lo id  case. Tab le  4 shows t h a t  the  effect  of a 
v a r i a b l e  f i tness  for b o t h  t y p e s  in t he  p o p u l a t i o n  is to  
cause  a gene of n e u t r a l  f i tness  ( / , ,  ---- 0) to  become 
a d v a n t a g e o u s  or d i s a d v a n t a g e o u s ,  d e p e n d i n g  on i ts  
i n i t i a l  gene f requency .  If, however ,  one t y p e  is 
va r i ab l e  in f i tness  (V,1 va 0, V~ 2 ---- 0), i t  will  become 
d i s a d v a n t a g e o u s  for all  in i t i a l  ge, ne f requencies  ( these 
resul t s  are  c o m p a r a b l e  w i th  those  of fig. I a). F o r  
a benef ic ia l  gene (Table  4) the  resu l t s  are  s imi la r  to  
t he  d ip lo id  resul t s  (fig. t b ,  c, d a n d  e) in t h a t  a 
va r i ance  in f i tness  reduces  the  u l t i m a t e  p r o b a b i l i t y  
of f ixa t ion ,  and  as the  va r i ance  increases  r e l a t ive  to  
the  mean ,  the  u l t i m a t e  p r o b a b i l i t y  of f ixa t ion ,  for 
genes of h igh  in i t i a l  gene f requency ,  becomes  less 
t h a n  t h a t  for a n e u t r a l  gene unde r  c o n s t a n t  f i tness.  
As Tab le  4 shows, v a r i a b l e  f i tness  decreases  sub-  
s t a n t i a l l y  the  expec t ed  t ime  to  f ixa t ion  or loss. 

W e  can use t he  J e n s e n ' s  i n e q u a l i t y  to  check on the  
n a t u r e  of our  resul ts .  I n  the  case o f /~ I  = 0,/*~2 = 0, 
V~, 51 0, V~, = 0, t he  r a t e  of change  of gene f r equency  

Table 4. Ultimate Probability of Fixation under Varying Fitness and the Ratio JR(i)] of the Time of Fixation or Loss 
with Varying Fitness and Selection to that under Constant Fitness and no Selection in a Haploid Population of Size 5o0 

/2sj, #s, 0, 0 0, 0 0, 0 .0t ,  0 .01, 0 .01, 0 

Vsl, Vs, .1, .1 t, t .t, 0 O, 0 .1, .1 .1, 0 
Initial gene 
frequency 

0, 0 0, 0 .01, 0 .01, 0 .01, 0 
�9 1, .1 .1, 0 0, 0 .1, .1 .1, 0 

R(i) 

.01 .071 .t24 .000 .094 .105 

.05 .194 .252 .001 .391 .271 
.10 .267 .314 .OO2 .629 .361 
.15 .314 .353 .0O4 .774 .417 
.20 .35t .382 .006 .862 .458 
�9 25 .381 .4o7 .OO8 .916 .492 
.30 .408 .428 .010 .949 .520 
�9 35 .433 .447 .012 .969 .546 
.4O .456 .465 .015 .981 .569 
.45 .478 .483 .019 .988 .592 
.5O .5OO .50O .023 .993 .613 
�9 55 .521 .517 .028 .995 .634 
.6o .543 .534 .034 .997 .654 
�9 65 .566 .552 .041 .998 .676 
.7O .59t .571 .051 .999 .691 
�9 75 .618 .592 .064 .999 .721 
.80 .648 .617 .084 .999 .747 
.85 .685 .646 .t14 .999 .778 
�9 9o .733 .685 .168 .999 .816 
�9 95 .8o5 .747 .297 1.00o .870 

o.99 .928 .875 .685 t.000 .955 

.oo0 .632 .294 1.444 .701 .343 

.004 .375 .198 t .3t5 .403 .235 

.008 .279 .16t 1.125 .294 .192 

.011 .233 .144 .963 .243 .t72 

.015 .207 .134 .832 .213 .160 

.020 .190 .t29 .729 .194 .t54 

.024 .179 .t26 .647 .181 .151 

.029 .171 .126 .582 .t72 .150 
�9 035 .t66 .t27 .531 .t66 .15i 
.o41 .163 .129 .489 .t63 .153 
.048 .162 .133 .457 .t61 .158 
.o56 .163 .139 .430 .161 .t64 
.o65 .t66 .147 .410 .162 .173 
�9 O77 .t71 .158 .394 .166 .t85 
.091 .t79 .173 .383 .173 .20t 
. t t 0  .19o .193 .376 .182 .224 
.t36 .207 .223 .374 .197 .256 
�9 t75 .233 .270 .379 .220 .306 
.24o .279 .354 .392 .259 .394 
�9 379 .375 .544 .426 .343 .585 
.741 .632 1.o72 .5o5 .561 !.o75 
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per generat ion is 

sl xl (1 - xl) 
H ( s l )  = -  1 + x~ s l  

this funct ion is concave since 
- 2 x ~  (1 - x~)  

H " ( s l )  = O ~- ; ~ ) ~  < o 

hence, 

EslEH(s~)~ < n(#sl) --- 0 

this implies t ha t  selection, on the average,  is against  
the A~ allele and the u l t imate  probabi l i ty  of f ixat ion 
ought  to be less than  its initial gene frequency.  
Results  of Table  4 for/zsl = / ,~ ,  = 0, V~ va 0, V~ = 0 
agree with the prediction.  

Our results for the haploid case differ s ignif icant ly 
f rom Ohta ' s  results. For  a m u t a n t  gene tha t  is neu- 
tral  on the average (/z~ ---- 0), Ohta  (t972) concluded 
tha t  the expected t ime to f ixat ion is equal to p the 
initial f requency  of the mu tan t .  We have shown tha t  
this is not  so and tha t  the u l t imate  probabi l i ty  of 
f ixat ion will be larger or smaller than  p depending 
on whether  bo th  genes have variable fitness or only  
the m u t a n t  is variable in fitness. The d iscrepancy in 
results seems to hinge on the level of approx imat ion  
of M(Xl), the mean  rate  of change in gene f requency  
per generat ion.  Ohta  approx imated  M(xl) by  a linear 
funct ion of fitness. In  real i ty  the mean  change of 
gene f requency per generat ion is a non-l inear funct ion 
of fitness. This is so whether  the model  is discrete or 
cont inuous.  To show that ,  we consider first the 
haploid model  of this section. 

Under  a discrete genera t ion model  the rate  of 
change of gene f requency  per generat ion is 

M(x~) = ~ (~ - ~) (~ - ~ )  ( 4 . t )  

expression (4A) also holds for a cont inuous  model. 
In  the later  case the rate  of change in gene f requency  
is 

dxa 
dt --  xl (1 - -  xa) log w~ (4.2) 

where w~ and w 2 are assumed to be cons tan t  in an 
interval  of length t; and f luctuate  at  r a n d o m  from 

one period of length t to  another .  I f  x 1 is the f requency 
at the beginning of the t ime interval  (0, t), then x t, 
the f requency at the end of t ha t  interval  is 

xt ---- f dx/dt xl (wl/w2)t �9 (4-3) 
- x l  (wl/w~)t + (t - x~) 

If  t is t aken  to be one generat ion (t = 1), then the 
rate  of change of gene f requency  per generat ion re- 
duces to  t ha t  of (4.t). 

When  fitness is Malthusian (as in (4.2)), 4.t can be 
approx ima ted  by  a Taylor  series expansion to give 

t 2 M(xa) = / z ~ x  1 (1 - -  Xx) + ~ - a w x  1 (1 --  Xl) (t - -  2xa) 

(4.4) 
where 

and 

Ohta  took  M(xa) to  be the first t e rm in (4.4). This is 
seen to be inadequate  because it does not  reflect 
the non-l inear  p rope r ty  of the mean  change of gene 
f requency  per generat ion.  
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